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Systems in Thermal Environments

Environments Entanglement
B .
S v
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Exchange

Standard Thermodynamics:
Weak Coupling between System (S) and Environment (B)

* Usually, it is strong for small systems.
* Even if it is weak, Entanglement can be formed.



Open Quantum Systems: Exact Scenario

Hamiltonian: Hsg = Hqs + Hg + Vgp
Unitary Evolution JpsB _ g
Of the Total System  ° or Hss, pss]

State of the System  ps(t) = trg|pss(t)]

S: System, B: Thermal Bath, S+B: Isolated System

* Practically Impossible
» Need an equation of motion for ps (%)



Open Quantum Systems: Born-Markovian Approximation

Weak Coupling between S and B: Born Approximation
Short correlation time for B: Markovian Approximation

Ips

o= —i[ﬁs,ps} + Dlps]

N Dissipator

Quantum Master Equation

In energy eigenbasis,
e Off-diagonal element vanishes very quickly (Decoherence)

* The transition between eigenstates is incoherent.
* No entanglement between S and B



Composite Systems

S1 5o

Four time scales

1)system relaxation time
2)memory in environment
3)S-B coupling strength
4)Internal coupling strength

S1+ 55




Specific Model

Coupled Q-bits Sl SQ
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System-Bath Coupling

Drude-Lorenzian model
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General Solution to System Density

Unitary Evolution of the total system

PSB(t) _ {?Heiftto ‘A/SZ-BZ- (S)dS} 0SB to {?Hel ftO Vs B; (s)d }

Initial state: psg(to) = ps(to) ® pp1(te) ® pr, (to)

ick’ : ' ' — i —BiHsp,
Wick’s theorem works: pg, (to) is a quasi-free state. pg, (to) = ¢ i
i

ps(t) = trp, [psp(l =y H ~Jig Jig dtrdtaRsttrita) ps(to)

:Ki(tl,tg) = Sz_ (tl) Im Cl(tl — tg) Sz_ (tg) + ZS,L_(tl) Re C@(tl — tz),Sj_(tg)
SE) = [Xs. ), ],
Cy(t) = <YBI. ()Y, (t0)>0 ~ Ap, [cie™ 5t 4 20,8(1)]

ci =2/Bi — B, (Ai +1) A; =p, pi/6



Hierarchical Equation of Motion (HEOM)

Auxiliary operators

Onyns(t) = iT H {[ / dsevBi(t— S)Sz(s)] pPsS = 00,0

o - - o
><€_>\Bi fto fttoldtldtQSz' (t)e 7B e t2)9i(t2) /40’3\
XG—ABiAi fttodt15_(t1)5_(t1)}ps(to) o1 0 o1
02,0 31 1/4 \O'O 2

Gi(t) = (2/Bi — v, i) 8™ (t) — ivp,ST(1). AN / AN AN

Equation of Motion

<@
dt

Oni,ng (t) — _(/VBlnl + VB, n2) Onq,no (t)
— B ALST (ST () + Apy As S5 (S5 8)] Tnyma ()

— )\Bl 81_0n1+1’n2 (t) — 1 )‘32 82_0n1,n2+1(t)
— nl)\Bl 91 (t)anl —1,n2 (t) — 1 nQ)‘BQ 92(t)0n1 ,na—1 (t)




HEOM is in principle exact.
* Correct description of coherence within the system

* Coherence with environment including
entanglement.

» Strong coupling.

Heat Current

d . .
Ji = — 3 (Hp,;) = —itrg {[Xsmm]HS}

m = Ap, {010 — 12187 00,0}
N2 = Ap, {001 — 18285 00,0}



Heass Curmarn

Numerical Calculation Procedure
(Exact enumeration in principle)

Initial condition: Joyo(to) = ps(to), o (tg) =0

Hierarchic cut-off: ¢ ;(t) = 0 for ¢ > tmax, J > Jmax

Solve coupled ODEs (HEOM) numerically

Non-Markovian solution: ps(t) = dg o(t)

— Pm _|I:".'I'.'I — Paq

wo — 1, )\S = 0.5

_____ — A, = Ap, =0.1

: :JJE_ v, =02, 1) =2

I v, = 0.1, 15 =1
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Internal Coupling /\S
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Comparison between QME and HEOM
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Comparison between QME and HEOM

Entanglement between Q-bits
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Concurrence  C(p) = max(0, \; — Ay — A3 — \4)

A; = eigenvalue of R = /+/pp+/p in decreasing order

p=(oy ®oy)p*(oy ®0oy)
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Trace distance
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Energy Current

<n>

Autonomous Quantum Heat Engine
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