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The Second Law of Thermodynamics

There exists no thermodynamic transformation
whose sole effect is to extract a quantity of

heat from a given heat reservoir and

to convert it entirely into work.

William Thomson
Lord Kelvin
(1822-1873)

They state what cannot happen
but do not tell you what will actually happen!

-

There exists no thermodynamic transformation
whose sole effect is to extract a quantity of

heat from a colder reservoir and to deliver it
to a hotter reservoir.

Rudolf Clausius
(1822-1888)



Entropy and the Second Law

AS=>0 AS> Q
T
Isolated Systems Closed Systems
No exchange of energy or matter Energy exchange is allowed but
between the system and not matter exchange.

the environment is allowed.

SecondLaw - Time's Arrow!



“The law that entropy always increases holds,
| think, the supreme position among the laws
of nature. If someone points out to you that
your pet theory of the universe is in
disagreement with Maxwell's equation — then
so much the worse for Maxwell's equations ...
but if your theory is found to be against the
SR second law of thermodynamics, | can give you
Sir A{:gg; Egg:{)'gm" no hope; there is nothing for it but to collapse
in deepest humiliation.” (1928)

ﬁThe second law of thermodynamics is the only
physical theory of universal content concerning
which | am convinced that, within the
framework of the applicability of the basic

concepts, it will never be overthrown.” (1949)

Albert Einstein
(1879-1955)



Why is the second law an inequality?

0 HolyaGrall

AS——= >0
T Statistical Mechanics
S=S,+S,;
. _Q
reversible entropy change A Sr—?
irreversible entropy production AS=>0

Ludwig E. Boltzmann
(1844-1906)



Second Law with Work

AU=W+Q@Q (First Law of Thermodynamics)

AF=AU—-TAS (Helmholtz Free Energy)

W—-AF=T AS—Q= Holy Grail >0

W= Wrev + Wdis
reversible work W ,=AF

dissipative work W =0



Holy Grail Revealed in Phase Space
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pF<q1th>
W)—AF=k;T | p-(q,p,t)In dqg dp
W oT ) pela.p i T =00
=kg T D(pe|lps)
%

.




A Non-Equilibrium Process: Time-Dependent Hamiltonian

Forward Process

Backward Process




Example




Phase Space Trajectory and Density

6 N -dimension phase space

(q1,p1) q=(q1,9,---,qan) poOsition
P=(py Py, Pay) MoOmeNtum

(g (t), p(t)|=phase trajectory

p(q, p,t)=probability density

(90, Po)

q
Liouville Theorem  p(q, P, t)=p(q(t), p(t),t)=p(q, p, t,)

Microscopic Time Reversibility (g, p,)—(q, p4)

(q1 — p1)—>(q0 —po) Joseph Liouville
| | (1809-1882)



Gibbs Entropy

S=—kgz| p(q,p)Inp(q, p)dqdp

J. Willard Gibbs
(1839-1903)

S(t)=—ks p(g,p,t)Inp(q,p,t)dgdp
Invariant under Hamiltonian Dynamics ~ S(t,)=S(t)=S(t,)

f p(q,p,t)Inn(q, p,t)dgdp is invariant!



Thermal Equilibrium

Equilibrium Density

peq(q,m:%exp[—ﬁH(q,p)]

sz exp|—BH(q,p)|dgdp (partition function)
Peq(d.P)=p.e(q—p) (detailed balance)

H(q,p)=—kgTInZ—k;TInp,(q,p)



Definition of Work

>
J(Q1,p1)
714

t, t,

W<q0,p0>:H(q17p1 7.A1>_H<q07 pO;AO>

(G0, Po)

Statistical Average

(W)= p(Go,Po; to) W (4,, Po)dgsdp,
= | p(Go, Po;to)[H(Gy, P1; M) —H (Gg Po; Ao)]



Proof

<W>:f P(Qo, Po t)[H (G, P, A4)—H(Go PosAg)]

=—kap,:(q1,P1,t1)|an(Q1,_p1,t1)dQ1dp1

+KT | pr(Gq Po to)IN o (qg Po to) A, dp,
KT IN(Z,/Z,)

+ka pF(Qypyt)lon<q’p7t)dqdp
+AF

pF(qith)

W|-AF=KT | pp(q,p.t)In G —pD

]dqdp:kTDmFIIpB)



Relative Entropy (Kullback-Leibler distance)
p(X)

D(pln)=[ p(x) N2 dx

n(x)
p(x)=0,n(x)=0; fp Jdx = fn )dx=1

D(pl||n) is a "distance’ between two densities.
D(p|ln)=0, D(p|ln)=0 iff p(x)=n(x)

exp|—D(pl||n)] is a measure of the difficulity to statistically
distinguish two densities. (Stein's lemma)

D(plin)=D(p|l7)
if p and n have less information than p and n




Relative Entropy: Exercise with Dice
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Find which dice you have by rolling it N times

p VSs. q (good one vs. slightly biased one)

DI FHE C RO )

P_(N)=e P9 p_(10)=0.196, P, (20)=0.04, p, (50)=0.00028

err( err( err(

pVvS.r (good one vs. extremely biased one)

o o (o (o o o

(N)=e Pl p_(5)=0.3x10"*, P, (10)=0.1x10"°

K You will notice already here.



Relative Entropy and Reduced Information

1 1

normal dice  P,,4= P, +p3+p5:§, beven:p2+p4+p6:§

. . ~ ! ~ S
biased dice qodd:q1+q3+q5zﬁ’ qeven:q2+q4+q6:ﬁ

D(pllq)=0.163

p odd ~

D(p|lg)=p.uIN=—""+p,,.,In =—=0.014

qodd qeven

D(pllqg)>D(plq)



Dissipation and Time's Arrow

pF<q7p7t)
.05<q’_p;t)

\W|=AF=kT [ pr(g,p,t)In dqdp=kT D (pllpg)

D(pg|lpsg)=0 — Second Law

If pr=ps, D(pHlps)=0 — No Dissipation

Dissipation is a quantitative measure of
Irreversibility (time's arrow)!.




Slow Expansion

Forward Backward
(9o, Po) (do,— Py)
(=0 |* . ° /\ t=0 |+ . °
el u—» R U«
t=7/2|* - . t=T/2|* -
t=1 | . - t=7 " -
(Q1,p1> (9, —p,)

No Dissipation



t

I
o

t=1/2

V.-

Rapid Expansion

u—

Backward
(qO,_po)
/\ t:O * .
t=7/2|+ . °
t=1 |° ,
(94, —P4)



Which direction is the triangle moving?



file:///home/kawai/Research/Documents/Presentations/2007/UA/run-.sh
file:///home/kawai/Research/Documents/Presentations/2007/UA/run-R.sh
file:///home/kawai/Research/Documents/Presentations/2007/UA/run-.sh
file:///home/kawai/Research/Documents/Presentations/2007/UA/run+.sh
file:///home/kawai/Research/Documents/Presentations/2007/UA/run+R.sh

Jarzinski equality and Crooks Theorem

pF<q7th)
W is :kT P ’ Jt In d d
< d > f F(q p ) pB(q,_p,t) q p
Work at _ pe(q,p,t) |
a phase point Wdis(q,P,t)—len o0 (q.—p. 1) (can be negative)
_pB<q’_p1t>

Crooks theorem exp|—BW(q,p,t)|=
‘ pF(ql p:t)

Jarzynski equality

<eXp[—ﬁ Wdis]>:f pF<q1 p! t)GXp[—ﬁ Wdls(q,p,t)]dep:1




Coarse Graining

Devide the whole phase space into N subsets X, (j=1---N)

pt()=] pe(q,p,t)dgdp;  ph(t)=] pslq,—p,t)dgdp

J

J
(W),~AF = KkTIn*~
PB




(W)—AF = KT D(pt|| p5)

N

where D(pf|lp)=2. pEin—
_1 pB

Since we don't have full information of the phase densities,
we can have only a lower bound.

If we have no information at all (N=1), then

D(pellpg)=0 —» (W)=AF 2" law!



Overdumped Brownian Particle

V. (x : I '
o) in a Harmonic Potential

pL(LL,)
: p(x,0)=[ p(X,p, X, Py X, Py, ) dp X, dp, -

—

Heatv Bath
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Application: Physics and Information

Szilard found a relation between physics and information.

1bit =kzlog 2

Led Szilard
(1898-1964)

Landauer principle

The erasure of one bit of information is necessarily
accompanied by a dissipation of at least k3T log 2 heat.
Information can be obtained without dissipation of heat.

Rolf Landauver, 1927 — 1999

Ralf Landauer Q=>k;Tlog2

(1929-1999) 4
12—




‘QoW=k,TIn2

Contradiction to

nd
\2 Law? D

Szilard's Engine




Brownian Engine (Backword Process)

W=—kTIn2



Brownian Computer (Forward Process)

an \
W=+kTIn2 k});\j
Erasure d,c C +T
\f\,/+\ﬂ//
\

Restore-to-One Procedure: d —-a—-b—-c—d

Recording




Coarse Grained Measurement
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For quantum systems

von Neumann Entropy : S=—kTrplnp

W =KT | Tr peInpe—Tr pIn(6 pg0)|



Conclusion

& =

o
(W)-8F=ksT [ 0,(q, p, tin2E L LY _gq g
B(q’_plt)

E Ari exacfexpressron of dissipation is obtained.
Now the‘secend Iqw of thermodynamlos is an equality!

mDrssrpaT"on |s.~a ;ff.lrect measure of |rrever3|b|I|ty (time's arrow)

T
tween 1d physical processes is
unamblguo""“lyTormulated The Landauer prlnolple is proven

X 7%




